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We aim to investigate the theory of Lorentz violation with an invariant minimum speed so-called
Symmetrical Special Relativity (SSR) from the viewpoint of its metric. Thus we should explore the
nature of SSR-metric in order to understand the origin of the conformal factor that appears in the
metric by deforming Minkowski metric by means of an invariant minimum speed that breaks down
Lorentz symmetry. So we are able to realize that there is a similarity between SSR and a new
space with variable negative curvature (−∞ < R < 0) connected to a set of infinite cosmological
constants (0 < Λ < ∞), working like an extended de Sitter (dS) relativity, so that such extended
dS-relativity has curvature and cosmological “constant” varying in the time. We obtain a scenario
that is more similar to dS-relativity given in the approximation of a slightly negative curvature for
representing the current universe having a tiny cosmological constant. Finally we show that the
invariant minimum speed provides the foundation for understanding the kinematics origin of the
extra dimension considered in dS-relativity in order to represent the dS-length.
Keywords: de Sitter cosmology; de Sitter horizon; minimum speed; cosmological anti-gravity;
cosmological constant; quantum gravity.
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I. INTRODUCTION
The study of de Sitter (dS) spaces presents great importance in Physics and especially in Cosmology by means
of the description of the dark energy[1] and the cosmological phenomena like the cosmic voids[2][3] and cosmic
inflation[4].
Symmetrical Special Relativity (SSR) is a theory that has recently appeared[5–9] as a new candidate for
describing gravitational vacuum, from where it has already been possible to calculate the value of the cosmo-
logical constant and also discuss the origin of the uncertainty principle[8]. SSR is a kind of theory of deformed
special relativity (DSR) with double limit of speeds, namely a maximum limit of speed c (speed of light) and
a minimum speed V . SSR presents a certain similarity with theories that have invariant scales as proposed by
Magueijo, Camelia and Smolin[10–12].
By making a kind of scale transformation with dependence on velocity in the metric, i.e., the factor Θ(v)[5, 7]
acting on the Minkowski metric ηµν , we find SSR-metric Gµν = Θ(v)ηµν , which depends on velocity (v), thus
leading us to think that it seems to be a Finsler metric of type g(x, x˙)[13]. However, a deep investigation
whether SSR-geommetry is a kind of Finsler or not deserves to be made elsewhere.
We see that SSR-theory generates an equation of state (EOS) being similar to that obtained by DS-relativities
[14–16]. Thus, SSR-theory provides an explanation for the effects of dark energy (cosmological anti-gravity) by
means of a new kinematics principle (an invariant minimum speed). However, unlike relativity theories based
on dS-group, the invariant minimum speed leads to a change on Minkowski metric by means of the introduction
of the scale factor depending on velocity, i.e., Θ[5, 7]. We show that such a scale factor works like a conformal
factor, since there is a correspondence of SSR-metric with an equivalent metric depending on coordinate r given
in a dS-scenario.
Actually, the scale factor with dependence on velocity is responsible for the introduction of a variable negative
curvature (−∞ < R(v) < 0), which allows us to understand the cosmological “constant” as being a cosmological
2FIG. 1: The external and internal conical surfaces represent respectively the speed of light c and the unattainable
minimum speed V , which is a definitely prohibited boundary for any particle. For a point P in the world line of a
particle, in the interior of the two conical surfaces, we obtain a corresponding internal conical surface, such that we
must have V < vp ≤ c. The 4-interval S4 is a time-like interval. The 4-interval S2 is a light-like interval (surface of the
light cone). The 4-interval S3 is a space-like interval (Elsewhere). The novelty in spacetime of SSR are the 4-intervals
S5 (surface of the dark cone) representing an infinitly dilated time-like interval, including the 4-intervals S6, S7 and S8
inside the dark cone for representing a new space-like region (see ref.[5]).
scalar field (parameter) varying with the age (radius) of the universe, since we show that SSR-metric behaves
like a superposition of infinite maximal spaces (dS-relativities), each one of them obtained for a certain value
of v. Only for v >> V , we get maximal spaces for representing the regime of weak anti-gravity (Λ ≈ 0).
II. THE CAUSAL STRUCTURE OF SSR
The breakdown of Lorentz symmetry for very low energies[5][7] generated by the presence of a background
field is due to an invariant mimimum speed V and also a universal dimensionless constant ξ[5], working like a
gravito-electromagnetic constant, namely:
ξ =
V
c
=
√
Gmpme
4πǫ0
qe
~c
, (1)
V being the minimum speed and mp and me are respectively the mass of the proton and electron. Such a
minimum speed is V = 4.5876× 10−14 m/s. We have found ξ = 1.5302× 10−22[5].
It was shown[5] that the minimum speed is connected to the cosmological constant in the following way:
V ≈
√
e2
mp
Λ
1
2 (2)
.
Therefore the light cone contains a new region of causality called dark cone[5], so that the speed of a particle
must belong to the following range: V (dark cone)< v < c (light cone) (Fig.1).
The breaking of Lorentz symmetry group destroys the properties of the transformations of Special Relativity
(SR) and so generates an intriguing kinematics and dynamics for speeds very close to the minimum speed V ,
i.e., for v → V , we find new relativistic effects such as the contraction of the improper time and the dilation
3FIG. 2: In this special case of (1 + 1)D, the referential S′ moves in x-direction with a speed v(> V ) with respect to the
background field connected to the ultra-referential SV . If V → 0, SV is eliminated (empty space), and thus the galilean
frame S takes place, recovering Lorentz transformations.
of space[5]. In this new scenario, the proper time also suffers relativistic effects such as its own dilation with
respect to the improper one when v → V , namely:
∆τ
√
1− V
2
v2
= ∆t
√
1− v
2
c2
, (3)
which was shown in the reference[5], where it was also made experimental prospects for detecting such new
relativistic effect close to the invariant minimum speed V , i.e., too close to the absolute zero temperature.
Since the minimum speed V is an invariant quantity as the speed of light c, V does not alter the value of the
speed v of any particle. Therefore we have called ultra-referential SV [5][7] as being the preferred (background)
reference frame in relation to which we have the speeds v of any particle. In view of this, the reference frame
transformations change substantially in the presence of SV , as follows:
a) The special case of (1 + 1)D transformations in SSR[5][6][7][8][9] with ~v = vx = v (Fig.2) are
x′ = Ψ(x− vt+ V t) = θγ(x− vt+ V t) (4)
and
t′ = Ψ
(
t− vx
c2
+
V x
c2
)
= θγ
(
t− vx
c2
+
V x
c2
)
, (5)
where θ =
√
1− V 2/v2 and Ψ = θγ =
√
1− V 2/v2/
√
1− v2/c2.
b) The (3 + 1)D transformations in SSR (Fig.3)[5] are
~r′ = θ
[
~rT + γ
(
~r// − ~v
(
1− V
v
)
t
)]
= θ
[
~rT + γ
(
~r// − ~vt+ ~V t
)]
(6)
and
t′ = θγ
[
t− ~r·~v
c2
+
~r· ~V
c2
]
. (7)
Of course, if we make V → 0, we recover the well-known Lorentz transformations.
Although we associate the minimum speed V with the ultra-referential SV , this frame is inaccessible for
any particle. Thus, the effect of such new causal structure of spacetime generates an effect on mass-energy
4FIG. 3: S′ moves with a 3D-velocity ~v = (vx, vy , vz) in relation to SV . For the special case of 1D-velocity ~v = (vx), we
recover Fig.2; however, in this general case of 3D-velocity ~v, there must be a background vector ~V (minimum velocity)
with the same direction of ~v as shown in this figure. Such a background vector ~V = (V/v)~v is related to the background
reference frame (ultra-referential) SV , thus leading to Lorentz violation. The modulus of ~V is invariant at any direction.
being symmetrical to what happens close to the speed of light c, i.e., it was shown that E = m0c
2Ψ(v) =
m0c
2
√
1− V 2/v2/
√
1− v2/c2, so that E → 0 when v → V [5][7]. We notice that E = E0 = m0c2 for v = v0 =√
cV [5]. It was also shown that the minimum speed V is associated with the cosmological constant, which is
equivalent to a fluid (vacuum energy) with negative pressure[5][7].
The metric of such symmetrical spacetime of SSR is a deformed Minkowski metric with a global multiplicative
function (a scale factor with v-dependence) Θ(v) working like a conformal factor, which leads us to an extended
DS-metric to be investigated in Sections 4 and 5. Thus we write
ds2 = Θηµνdx
µdxν , (8)
where Θ = Θ(v) = θ−2 = 1/(1− V 2/v2) and ηµν is the Minkowski metric.
We can say that SSR geometrizes the quantum phenomena as investigated before (the origin of the Uncertainty
Principle)[8] in order to allow us to associate quantities belonging to the microscopic world with a new geometric
structure that originates from Lorentz symmetry breaking. Such a geometry should be investigated in the future.
A. SSR-metric as a conformal structure
Let us consider a conformal transformation ω2, which is a scale transformation on a metric given in the metric
space, thus leading to a new metric connected to another metric space, namely Gµν = ω2gµν , which must obey
the following conditions:
i) ω2 presents inverse, i.e., ω−2, being a soft function, which generetes all its derivative functions. It transforms
the neighborhoods of a point P , in the topological sense, leading to the neighborhood of a point P ′ in the
transformed metric space. This is equivalent to isometry properties.
ii) The transformation ω2 preserves the zero geodesic, namely:
gµνX
µXν = gµν(ωx
µ)(ωxν) = ω2gµνx
µxν = Gµνxµxν = 0, (9)
which means that the transformation Xµ = ωxµ preserves the space, time and light-like vectors, which also
implies that ω > 0.
5iii) It must obey the conservation of angles, namely:
1√
|w||u|gµνw
µuν =
1√
|W ||U |GµνW
µUν , (10)
where ~w, ~u, ~W and ~U are any vectors.
iv) We should consider ω(a) such that the parameter a needs to belong to the original metric space.
In order to verify the conditions above on the scale transformation of SSR, where Gµν = Θ(v)ηµν , we see that
Θ(v) = 1(
1−V
2
v2
) has inverse, so that we find Θ−1 =
(
1− V 2v2
)
. This function is defined in the interval V < v < c
such that 0 < Θ−1 < 1− ξ2, its inverse being in the interval 1
1−ξ2 < Θ(v) <∞, where the speed v is given with
respect to the ultra-referential SV [5].
In order to realize that v is defined in the metric space of SSR, we should have in mind that v is directly
related to measurable greatnesses like energy given in the dispersion relation, as follows:
Θηµνp
µpν = m20c
2, (11)
from where we get
pµp
µ = m20c
2
(
1− V
2
v2
)
. (12)
Now, verifying the null geodesic, i.e.,
ηµνx
µxν = 0, (13)
and having θ =
√(
1− V 2v2
)
, so we find Xµ =
√
(1− V 2v2 )xµ. Thus, by applying such transformation to the null
geodesic, we obtain
ηµν
√(
1− V
2
v2
)
xµ
√(
1− V
2
v2
)
xν =
(
1− V
2
v2
)
ηµνx
µxν = 0. (14)
Of course the angle conservation is obeyed by previous construction. In SR we have the well-known boosts, but
in SSR, the “boosts” in the vicinity of the minimum speed (v≈V ) are deformed in the following way: Consider
the symmetric matrix θI[5], so that a vector in the interval ds becomes invariant under the scale transformation,
as follows:
x∗µ = θIxµ =
√(
1− V
2
v2
)
Ixµ, (15)
where θ = Θ−1/2 is also a scale factor. Alternatively we have written Λ(v≈V )xµ = x∗µ[5].
We write
(ds∗)2 = ds2(v) = dx∗µdx∗µ = θds
2, (16)
where ds2 is the squared interval of the usual space-time in SR and (ds∗)2 is the deformed interval that dilates
drastically close to the minimum speed. Thus the effect of the introduction of a minimum speed with the
presence of the ultra-referential SV leads to a scale deformation, so that the deformed interval (ds
∗)2 remains
invariant. In view of this, we write
6(ds′∗)2 = (ds∗)2 = ηµνdx ∗µ dx∗ν , (17)
where (ds∗)2 = (1 − α)2dxµdxµ = θ2ds2. Of course in the limit of V → 0 (α → 0), the effect of scale
transformation vanishes and so SSR recovers SR-theory.
Now we write SSR-metric, as follows:
ds2 = Θηµνdx
µdxν , (18)
where
Θ = Θ(v) =
1
(1− V 2v2 )
. (19)
Thus the covariant SSR-metric is under the following scale transformation:
Gµν = Θηµν = 1(
1− V 2v2
)


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (20)
It is easy to verify that we recover Minkowski metric (ηµν) in the limit V → 0. Thus we realize that the scale
transformation of SSR (Θ) generates a conformally flat metric, i.e., Θηµν .
III. CALCULATING THE CURVATURE IN DS-RELATIVITY
Let us begin by writing Einstein equation, namely:
Rµν − Rgµν
2
=
8πG
c2
Tµν . (21)
The energy-momentum tensor is
Tµν = (ρ+ p)UµUν + pgµν . (22)
By making p = −ρ, which is the equation of state (EOS) for a relativistic perfect fluid[17] representing the
dark energy, we have
Tµν = −ρgµν = pgµν , (23)
where we must have p < 0 in order to get ρ > 0.
By substituting the equation above in Einstein equation, we find
Rµν − Rgµν
2
=
8πG
c2
pgµν . (24)
Manipulating Einstein equation, we obtain
Rµν =
(
R
2
+
8πG
c2
p
)
gµν , (25)
7where we find the Ricci tensor as being proportional to the metric. Thus we have a maximal space[14], which
represents a space with a non-null constant of curvature R.
By applying the contravariant metric gµν at both sides of Eq.(25), we get
R =
16πG
c2
p. (26)
By using EOS for vacuum (p = −ρ) in Eq.(26), we find
R = −16πG
c2
ρ. (27)
We realize that the curvature R is constant and negative as occurs in dS-relativity with Λ > 0[14, 15, 19].
Taking into account the relationship between the vacuum energy density and the cosmological constant,
namely:
ρ =
Λc2
8πG
, (28)
and substituting Eq.(28) into Eq.(27), we find the relationship between the curvature and the cosmological
constant, as follows:
R = −2Λ, (29)
where Λ > 0, as occurs in dS-relativity, R being negative.
IV. CURVATURES IN SSR-SPACE
In SSR, the covariant energy-momentum tensor of a perfect fluid without anisotropy is defined in the following
way:
Tµν = (ρ+ p)UµUν + pGµν , (30)
where Gµν = Θgµν , and Θ = Θ(v) = 1/
(
1− V 2v2
)
. We have Uµ =
[
−
√
1−V
2
v2√
1− v
2
c2
,
vi
√
1−V
2
v2
c
√
1− v
2
c2
]
, with i = 1, 2, 3. As
Tµν represents a perfect fluid, Uµ being the quadri-velocity of the fluid, where a background field is considered
for representing the ultra-referential SV , then v should be interpreted as the velocity of a virtual proof particle
in the fluid, moving with respect to SV so that, when v → V , such a proof particle becomes too close to
the background frame SV , i.e., a ultra-cold fluid that works like a ultra-cold gas that emerges in this kind of
DS-scenario for a very old and cold expanding universe. So we could say that the cosmological vacuum in a
very old universe is mimicked by a very cold gas so that its quadri-velocity is close to zero, i.e., Uµ ≈ 0, thus
leading to the approximation, namely Tµν ≈ pGµν . This result will be investigated soon.
In a maximal space of Relativity, it is well-known that the energy momentum tensor is proprortional to the
metric [14, 17, 18], namely:
Tµν = Agµν (31)
where A is a real constant[17, 18], thus leading to EOS p = −ρ, which is associated with the dark energy
(vacuum energy), so that the dark energy is described as a maximal space that presents a constant curvature
8R. It is important to stress that the vacuum as a maximal space emerges naturally from Tµν of SSR in the limit
of lower energies, so that we find Tµν ≈ pGµν from Eq.(30). This does not occur with Tµν in Relativity, since
its quadri-velocity Uµ cannot be nullified, even for v = 0.
When we deal with dS-relativity, the dark energy is described by the energy-momentum tensor, as follows:
Tµν = pηµν = −ρηµν , (32)
where p = −ρ, ηµν being the Minkowski metric. So we write Einstein equation for the dark energy, namely:
Rµν − Rηµν
2
= −8πG
c2
ρηµν . (33)
By applying the contravariant metric tensor ηµν at both sides of Eq.(33) and reminding that ηµνηµν = 1, we
find
R = −16πG
c2
ρ, (34)
which occurs in dS-relativity that presents a maximal space. So, by substituting Eq.(34) in Eq.(33), we obtain
Rµν given in dS-relativity, as follows:
Rµν = −16πG
c2
ρηµν , (35)
where ρ is the vacuum energy density.
We already know that SSR-metric (Gµν ) is related to the Minkowski metric in the following way:
Gµν = Θ(v)ηµν , (36)
where SR-metric (Minkowski metric ηµν) represents a flat space, i.e., with null curvature R = 0.
In a maximal space of SSR, by considering ρ = −p, we deform the covariant energy-momentum tensor (Eq.32)
as follows:
Tµν = ΘTµν = −Θ(v)ρηµν = − 1(
1− V 2v2
)ρηµν , (37)
where Θηµν = Gµν .
Thus, in SSR-scenario, Einstein equation assumes the covariant form, namely:
Rµν − Rηµν
2
= −8πG
c2
Θρηµν , (38)
where, in Eq.(38) we have considered the effect of cosmological constant at its right side (see Eq.(30) for Uµ ≈ 0).
By applying the contravariant metric ηµν at both sides of Eq.(38), we find
R = −16πG
c2
Θρ = −16πG
c2
1(
1− V 2v2
)ρ. (39)
This result above (Eq.(39)), which leads to an extended dS-relativity, impplies in the changes of symmetry
like symmetry groups by breaking down Lorentz symmetry and the introduction of a conformal symmetry for
changing of scales with the factor Θ. So we interpret that the introduction of the ultra-referential SV can
9introduce larger (negative) curvatures, being associated with Mach principle within a quantum scenario where
rest is forbidden (a zero-point energy), since a particle is always interacting with everything around it due to
the existence of the background field (vacuum energy) represented by SV .
By substituting Eq.(39) in Eq.(38) and performing the calculations, we find
Rµν = ΘRµν = −16πG
c2
Θρηµν = −16πG
c2
1(
1− V 2v2
)ρηµν , (40)
where we see that Rµν = −(16πG/c2)ρηµν (Eq.(35)) is given in dS-relativity whereas Rµν = ΘRµν (Eq.(40)) is
given in an extended dS-relativity (SSR).
dS-theories consider that the cosmological constant is related to a dS-length[14, 15]. In view of this, it is
interesting to notice that Nassif[5–7] has introduced a relationship between the cosmological constant and the
universe radius ru (the Hubble radius), namely:
Λ =
6c2
r2u
, (41)
where, being ru ∼ 1026m, we find Λ ∼ 10−35s−2 in agreement with the observational data[1].
Now we can relate the cosmological constant Λ to Ricci curvature R in SSR-scenario. To do that, by
considering Λ = 8πGρ/c2 and also combining Eq.(39) with Eq.(41), we find
RΛ = R = RΘ = −2ΛΘ = −16πG
c2
Θρ = −16πG
c2
1(
1− V 2v2
)ρ = −12c2
r2u
Θ, (42)
from where we get the curvature of SSR, i.e., R = ΘR, R being the curvature of a DS-space[17].
We have verified that Ricci curvature obtained in the scenario of SSR (Rµν) plays the role of a set of infinite
values of negative curvature, so that we have an extended dS-relativity (Eq.(42)).
We realize that, when the universe radius ru increases to infinite, the scalar curvature of the cosmological
vacuum (RΛ) tends to an infinitely negative value. Beside this, the universe becomes colder since the increase
of its radius (ru) leads to the decrease of velocity v of the fluid mimicked by a gas of virtual particles. When
v → V , we find the fundamental state of vacuum whose potential becomes the minimum value −c2 as we will
show in Section 6 (Fig.4). Thus, in spite of there is a relationship between the variables ru and v for obtaining
the curvature RΛ, both variables are treated separately. But, in Section 6, we intend to make a connection
between such variables, since v can also be interpreted as being an escape velocity, but v should represent an
input speed just in the case of negative (repulsive) gravitational potential connected to the radius ru of a sphere
filled by dark energy that expands for representing a spherical dark universe with Hubble radius (Section 6).
In Eq.(42), we should note that the vacuum curvature tends to diverges, i.e., R → −∞ when v → V , which
means we would have a highly repulsive vaccuum. Beside this, for ru → ∞ when v → V , we would have a
scenario for too long time, so that the universe recovers a rapid increase of acceleration of expansion. This
seems to lead to the so-called “Big Rip” when we have v → V (ultra-cold universe with R → −∞), but this
question deserves to be deeply explored elsewhere.
Here we should call attention to the fact that, as SSR was built in a quasi absence of (attractive) matter
in space, i.e., Tµν ≈ 0, we have introduced the conception of a quasi-flat spacetime[5]. However, in this work,
since we only investigate the nature of vacuum of SSR with respect to its curvature R, which represents a set
of negative curvatures (−∞ < R < 0), we should have in mind that the vacuum of SSR is conformally flat as
occurs in dS-relativity, which has a maximal space with negative curvature.
At the present time, one observes that the whole universe is flat due to the fact that its positive curvature
emerging from the visible matter (vm) plus dark matter (dm) cancels its negative curvature of vacuum energy
(dark energy) given by Eq.(42). This is so-called Cosmic Coincidence Problem[17] that establishes that the
total curvature of the present universe is Rvm+dm +RΛ = 0, its vacuum curvature being R ≈ R, since Θ ≈ 1
at the present time when we still have v >> V .
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A. SSR-metric as a set of infinite negative curvatures: An extended dS-relativity
We have just related the scale factor Θ(v) to SSR-curvature, thus having dependence on v, so that SSR-metric
is Gµν(v) = Θ(v)ηµν , where Θ(v) = 1/(1− V 2/v2). Now by expanding Θ(v) in series of v, we write
Θ(v) = 1 +
V 2
v2
+
V 4
2!v4
+
V 6
3!v6
+
V 8
4!v8
+ ..., (43)
or then
Θ(v) = Σ∞n=0
1
n!
(
V
v
)2n
. (44)
Thus we can rewrite SSR-metric as
Gµν = Σ∞n=0
1
n!
(
V
v
)2n
ηµν , (45)
or then
Gµν = ηµν + V
2
v2
ηµν +
V 4
2!v4
ηµν +
V 6
3!v6
ηµν +
V 8
4!v8
ηµν + ..., (46)
where we see that the first term (zero order term) of this series is Gn=0µν = ηµν , which represents exactly
Minkowski metric with null curvature. So, we realize that higher order terms lead to very negative curvatures,
which tend to R → −∞ if we consider all the infinite terms for v → V . Thus, we can write the variable
curvature of SSR in the form
R = ΘR = −16πG
c2
ρ
(
1 +
V 2
v2
+
V 4
2!v4
+
V 6
3!v6
+
V 8
4!v8
+ ...
)
. (47)
As we have an extended maximal space connected to the extended DS-Relativity (SSR), where the extended
Ricci tensor Rµν(= ΘRµν) is proportional to the extended metric of SSR Gµν(= Θηµν), i.e., Rµν = ΘRµν =
ΘRηµν = Rηµν = −Θ(16πG/c2)ρηµν , then from Eq.(47) we obtain
Rµν = Rηµν = ΘRηµν = −16πG
c2
ρ
(
1 +
V 2
v2
+
V 4
2!v4
+
V 6
3!v6
+
V 8
4!v8
+ ...
)
ηµν , (48)
which is exactly Eq.(40) given in its expanded form of Θ(v).
The n-th term of Eq.(46) is Gnµν = (1/n!)(V/v)2nηµν , so that we can write the n-th term of curvature as being
R(n, v) = −(16πGρ/c2)(1/n!)(V/v)2n.
V. SSR-METRIC AS A SOLUTION OF EINSTEIN EQUATION IN A DS-SCENARIO
We intend to verify that SSR-metric (Gµν = Θηµν) satisfies Einstein equation given in such DS-scenario of
SSR. To do that, we first write the usual Einstein equation with the presence of the cosmological constant at
its left side, since now we want to incorpore the cosmological term into spacetime geometry, i.e.:
Rµν − Rgµν
2
+ Λgµν =
8πG
c2
Tµν , (49)
11
where we must consider Tµν = 0 (no matter) for DS-relativities[17][18].
Now let us admit that the metric Gµν = Θηµν is a solution of Einstein equation in our DS-scenario of SSR,
where we must have Tµν = 0. So, in order to verify this hypothesis, we write the following equation:
Rµν − (RΘ)
2
ηµν + (ΛΘ)ηµν = 0, (50)
or then
Rµν − R
2
ηµν + Ληµν = 0. (51)
We should call attention to the fact that Einstein equation above (Eq.(50) or Eq.(51)) given in our DS-scenario
for the metric Θηµν must also contain the informations about the extended Ricci tensorRµν , the extended scalar
curvature R and the effective cosmological “constant” Λ = ΘΛ.
Manipulating Eq.(50), we find
Rµν =
(
R
2
− Λ
)
Θηµν . (52)
As we already know that Rµν = Rηµν = ΘRηµν (Eq.(40)), then we write Eq.(50), as follows:
RΘηµν =
(
R
2
− Λ
)
Θηµν , (53)
from where we get the following equality:
R =
(
R
2
− Λ
)
. (54)
Indeed we see that such equality above leads to R = −2Λ, which is in agreement with Eq.(29) obtained
previously in DS-relativities. Therefore, we verify that Θηµν is the solution of Eq.(50), where RΘ = R and
ΛΘ = Λ.
By using the expansion given in Eq.(43) (or Eq.(44)), we can alternatively write Eq.(40) as follows:
Rµν = −2ΛΣ∞n=0
1
n!
(
V
v
)2n
ηµν , (55)
or then
Rµν = −2Λ
(
ηµν +
V 2
v2
ηµν +
V 4
2!v4
ηµν +
V 6
3!v6
ηµν +
V 8
4!v8
ηµν + ...
)
, (56)
where we have Rµν = Rηµν = RΘηµν = −2ΛΘηµν, so that R = −2ΛΘ = −2ΛΣ∞n=0 1n!
(
V
v
)2n
.
A. Showing alternatively that SSR-metric is a solution of Einstein equation in a dS-scenario
Kunhnel and Radmacher[22] have shown that the relationship between the metric, the Ricci tensor and its
conformal form is the following:
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R˜ab −Rab = 1
Ω2
[2Ω∇2Ω + (Ω∆Ω− 3|∇Ω|2)gab], (57)
where g˜ab = ω
2gab = Ω
−2gab, so that ω = Ω
−1. So we see that the difference between the conformal Ricci
tensor and its usual form is related to ∇Ω, ∆Ω and ∇2Ω, which are respectively the gradient, the Laplacian
and the Hessian of Ω. Such difference between the Ricci tensors is conserved. We still realize that the difference
between such Ricci tensors is proportional to the metrics, namely:
R˜µν −Rµν ∝ gµν ∝ g˜µν , (58)
if we only have
∇2Ω = (∆Ω)gµν , (59)
where ∆Ω = Tr(∇2Ω) and gµν has null curvature.
In the case of SSR, the starting metric is ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

, which is an unitary metric. This is a flat
metric, that is to say that its Ricci tensor is null, i.e., Rµν = 0.
As the Hessian and Laplacian are functions of the second derivatives of the conformal factor, we see that
the condition in Eq.(58) is sastified. Thus the Ricci tensor of SSR is proportional to the own metric, being a
maximal space, namely:
Rµν ∝ Gµν . (60)
The spaces whose metrics are proportional to the Ricci tensor are called as maximal spaces[17]. There are
three kind of spaces as being maximal spaces, namely the ADS, DS and Minkowski spaces. Nassif[5] was already
able to calculate the value of the cosmological constant by using SSR-theory, which is a theory that is able to
generate a perfect fluid by means of the energy-momentum tensor, as follows:
Tµν = (p+ ρ)UµUν + pGµν . (61)
In the regime where v ≈ V or then by considering p = −ρ, we write
Tµν = −ρGµν = − Λc
2
8πG
Gµν = −ΘΛc
2
8πG
gµν , (62)
where Gµν = Θgµν = Θηµν .
As we are in a maximal space, then by multiplying Einstein equation by the factor Θ, we obtain
Rµν − R
2
Gµν = 8πG
c2
Tµν . (63)
Substituting Eq.(62) in Eq.(63) above, we find
Rµν − R
2
Gµν + ΛGµν = 0, (64)
13
where, according to Eq.(56), we have R = −2Λ so that Rµν = −2ΛGµν , which is in agreement with the condition
of proportionality in Eq.(60).
So, Eq.(64) can be simply written as
Rµν − R
2
gµν + Λgµν = 0, (65)
which is the Einstein equation with cosmological constant and without sources given for a dS-universe. So, as
an example of what happens with dS-relativity, we conclude that the conformal transformation Θ introduces a
cosmological constant into Einstein equation. So SSR-metric is a solution of Einstein equation in dS-scenario.
VI. SSR-METRIC AND DS-METRIC
Let us consider a spherical universe with Hubble radius ru filled by a uniform vacuum energy density. On the
surface of such a sphere (frontier of the observable universe), the bodies (galaxies) experience an accelerated
expansion (anti-gravity) due to the whole “dark mass (energy)” of vacuum inside the sphere. So we could think
that each galaxy is a proof body interacting with the big sphere of dark energy (dark universe) like in the simple
case of two bodies interaction. However, we need to show that there is an anti-gravitational interaction between
the ordinary proof mass m0 and the big sphere with a “dark mass” of vacuum (M). To do that, let us first start
from the well-known simple model of a massive proof particle m0 that escapes from a newtonian gravitational
potential φ on the surface of a big sphere of matter, namely E = m0c
2(1− v2/c2)−1/2 ≡ m0c2(1 + φ/c2), where
E is its relativistic energy. Here the interval of escape velocity 0 ≤ v < c is associated with the interval of
potential 0 ≤ φ <∞, where we stipulate φ > 0 to be the attractive (classical) gravitational potential.
Now we notice that Lorentz symmetry breaking due to the presence of the ultra-referential SV connected to
the dark energy that fills the sphere has origin in a non-classical (non-local) aspect of gravity that leads to a
repulsive gravitational potential (φ < 0). In order to see such an anti-gravity, let us consider the total energy
of a proof particle on the surface of such a dark sphere according to SSR[5–7], namely:
E = m0c
2
√
1− V 2v2√
1− v2c2
= m0c
2
(
1 +
φ
c2
)
, (66)
from where we obtain
φ = c2


√
1− V 2v2√
1− v2c2
− 1

 , (67)
where m0 is the mass of the proof particle, v being its input speed or also its escape velocity from the sphere. If
the sphere is governed by vacuum as occurs in the universe as a whole, then v should be understood as an input
speed in order to overcome anti-gravity, and thus the factor
√
1− V 2/v2 prevails for determining the potential.
However, for a sphere of matter, v is the well-known escape velocity, so that the Lorentz factor takes place.
From the above equation, we observe two regimes of gravitational potential, namely:
φ =


φQ : −c2 < φ ≤ 0 for V (= ξc) < v ≤ v0,
φatt : 0 ≤ φ <∞ for v0(=
√
ξc =
√
cV ) ≤ v < c,
(68)
where v0 =
√
cV ∼ 10−3m/s[5].
φatt and φQ are respectively the attractive (classical) and repulsive (non-classical or quantum) potentials.
We observe that the strongest repulsive potential is φ = −c2, which is associated with vacuum energy for the
ultra-referential SV (consider v = V in Eq.(67)) (Fig.4).
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FIG. 4: This graph shows the potentials of SSR representing the function in Eq.(67) that presents two regimes, namely:
a) The attractive (classical) regime is well-known as Lorentz sector for describing gravity of a source of matter like a
sphere of mass having a proof particle with mass m0 on its surface. This particle escapes from this gravity with an escape
velocity v0 ≤ vesc < c according to the attractive (positive) potential 0 ≤ φatt <∞. b) The repulsive (quantum) regime
is the sector that provides the signature of SSR for describing anti-gravity of a source of dark energy (vaccum energy)
like an exotic sphere of dark mass having a proof particle of matter with mass m0 on its surface. In this quantum sector,
the escape velocity from anti-gravity should be understood as the input velocity V < vin ≤ v0 according to the negative
(quantum) potential −c2 < φQ ≤ 0, such that the proof particle with mass m0 is able to penetrate the dark sphere
whose anti-gravity pushes it far away. Here we should observe that there is an intermediary velocity v0 =
√
cV , which
corresponds to the point of phase transition between these two regimes in such a way that the general potential φ = 0.
This means that v0 can represent both escape and input velocities, which depends on the sector we are considering. As
we are just interested in the quantum sector (anti-gravity) of SSR, we have vin = v0 for φ = φQ = 0 and vin = V for
φ = φQ = −c2, since we just take into account the sector of negative potential for treating the extended dS-relativity.
By considering the simple model of spherical universe with a radius ru and a uniform vacuum energy density
ρ, we find the total vacuum energy inside the sphere, i.e., EΛ = ρVu = −pVu = Mc2, Vu being its volume and
M the total dark mass associated with the dark energy. Therefore, we are able to get a repulsive (negative)
gravitational potential φ on the surface of such a sphere (universe) filled by dark “mass” (dark energy), namely:
φ = −GM
ru
= −GρVu
ruc2
=
4πGpr2u
3c2
, (69)
where p = −ρ, ρ being the vacuum energy density and Vu = 4πr3u/3 (volume of the universe).
Knowing that ρ = Λc2/8πG, we write the repulsive potential as follows:
φ = φ(Λ, ru) = −Λr
2
u
6
, (70)
from where, for any radius r of the expanding universe, we generally write φ = −Λr2/6[5]. As this potential
represents the repulsive sector of gravity given in Eq.(67), we rewrite Eq.(67) by neglecting the Lorentz factor
(sector of attractive gravity), and thus we obtain the approximation for the repulsive sector that includes all
states of vacuum given by v such that V < v ≤ v0(=
√
ξc), namely:
φ
c2
= −Λr
2
6c2
=
√
1− V
2
v2
− 1, (71)
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such that, if v = V , we find φ(V )/c2 = −1, so that φ(V ) = −c2. We have −c2 < φ < 0 (Fig.4).
By manipulating Eq.(71), we can rewrite the scale factor Θ as follows:
Θ =
1(
1− V 2v2
) = 1(
1 + φc2
)2 = 1(
1− Λr2
6c2
)2 , (72)
where we see that there are three equivalent representations for Θ.
Substituting Eq.(72) in Eq.(8), we write the spherical metric of SSR in the following way:
dS2 = − c
2dt2(
1− Λr2
6c2
)2 + dr2(
1− Λr2
6c2
)2 + r2(dθ)2 + r2 sin2 θ(dΦ)2(
1− Λr2
6c2
)2 , (73)
where r = ru.
We should note that φ/c2 = −Λr2/6c2, where we have −c2 < φ ≤ 0. So it is interesting to realize that, for
the approximation φ >> −c2 or |φQ| << c2, we are in the regime v >> V , which means a weakly repulsive
regime that corresponds to the present time of the universe whose temperature T (≈ 2.73K) connected to a
certain velocity v is still so far from T = 0K connected to the minimum speed V .
As Eq.(73) encompasses all types of vacuum, specially the ideal vacuum given for a too long time when the
universe will be in a very strong repulsive regime with curvature R → −∞, now we can realize that only the
approximation for a weakly repulsive regime is able to generate a special metric well-similar to DS-metric. So,
in order to see this special metric (like DS-metric) given only for weak anti-gravity, we just make the expansion
of the denominator of Θ-factor in Eq.(73), so that we take into account only the first order term, since we are
considering Λr2/6 << c2 such that we have (1−Λr2/6c2)2 ≈ (1− 2Λr2/6c2) = (1−Λr2/3c2). Finally, in doing
this approximation in SSR-metric [Eq.(73)], we find the DS-conformal metric, namely:
dS2 ≈ dS2DS = −
c2dt2(
1− Λr2
3c2
) + dr2(
1− Λr2
3c2
) + r2dΩ(
1− Λr2
3c2
) , (74)
where dΩ is
dΩ = (dθ)2 + sin2 θ(dΦ)2 (75)
We realize that the validity of DS-metric remains only in a weak anti-gravity regime as occurs in the case of
the tiny positive cosmological constant given in the present time of the expanding universe.
VII. RELATIONSHIP BETWEEN SSR AND DS-SPACETIME
Here we wish to present the relationship between dS-spacetime and the SSR-spacetime via scalar α = V/v,
where V is the invariant minimum speed.
We can describe dS-spacetime dS(4, 1) as being a hyperbolic 4-surface where the pseudo-Euclidean space E4,1
is included by satisfying the following relation[14][25][26]:
ηABζ
AζB = ηαβζ
αζβ − (ζ4)2 = −L2, (76)
where L is the well-known dS-length.
Now we wish to relate the Euclidean ζA with the stereografic conformal coordinates xα (α, β, ... = 0, 1, 2, 3)
trhough of the transformations, namely:
ζα = Ωxα; ζ4 = ΩL, (77)
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where we have admitted that the extra dimension connected to ζ4 is directly proportional to dS-radius L
(ζ4 ∝ L), which will be well justified by SSR-spacetime soon. We have Ω = Ω(x) to be determined according
to SSR, since the factor Ω should have a direct correspondence with the factor Θ in SSR.
The above transformation in dS-space preserves dS-radius L, which should have a connection with the in-
variant minimum speed V in SSR by means of the factor Θ and its direct relation with dS-factor Ω to be
investigated. The philosophy of our procedure is to compare two invariants that have the same functional
origin.
Let us write Eq.(77) in the differential form, as follows:
dζα = xαdΩ + Ωdxα; dζ4 = LdΩ. (78)
By introducing the relation r2 = ηαβdx
αdxβ in Eq.(76), we write
Ω2r2 − (ζ4)2 = Ω2r2 − Ω2L2 = −L2, (79)
where have considered the simple relation ζ4 = ΩL to be consistent with SSR-spacetime as we will justify soon.
So by solving Eq.(79) for determining Ω, we find
Ω = Ω(r) =
1√
1− r2L2
. (80)
Finally we can write dS-metric in stereografic conformal coordinates, as follows:
dΣ2 = ηABdζ
AdζB = ηαβdζ
αdζβ + (dζ4)2, (81)
or then
dΣ2 = gαβdx
αdxβ , (82)
so that the conformal metric gαβ is given by
gαβ = Ω
2ηαβ =
1(
1− r2L2
)ηαβ , (83)
which allows us to relate Ω with Θ of SSR. Thus we can perceive that
Ω2 =
1(
1− r2L2
) ≡ Θ = 1
(1 − α2) , (84)
where α = V/v.
As it is known that L2 = 3c2Λ−1[23] in DS-space, the equivalence in Eq.(84) is written in the following way:
Ω2 =
1(
1− Λr2
3c2
) = Θ = 1(
1− V 2v2
) , (85)
which represents Eq.(72) given in the approximation of weak anti-gravity (very small cosmological constant), i.e.,
by making Λr2/6 << c2 in Eq.(72), leading to the approximation Θ ≡ (1−Λr2/6c2)−2 ≈ (1−Λr2/3c2)−1 = Ω2.
Indeed this means that dS-relativity is a special case of SSR when we consider a weak anti-gravity given in the
present time of the universe with a very small value of Λ[1]. In other words, we can say that SSR or extended
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dS-relativity works like a general DS-Relativity, since it is valid for any value of cosmological constant, i.e.,
0 < Λ <∞.
It is important to notice that the relationship between the extra dimension ζ4 and DS-horizon L of DS-space,
i.e., ζ4 = ΩL (Eq.(77)), is in fact consistent with the effect of proper time dilation given close to V [5], since
now we can write such relation in the form
ζ4 =
L√
1− V 2v2
≈ L√
1− Λr2
3c2
, (86)
which means that, in the approximation for small values of Λ (the current universe), the extra-dimention ζ4
becomes slightly larger than L, i.e., we have Ω = Θ1/2 ≈ 1 (ζ4 ≈ L). However, in a very distant future, we
expect that there will be a very strong cosmological anti-gravity as already shown in Section 4. Therefore, for
this case (v ≈ V ), we see that there should be a dilation of ζ4 >> L, since Ω→∞ for r → L (De-Sitter horizon),
which means v → V . In view of this, we conclude that SSR provides a kinematics foundation for dS-relativity,
since we can alternatively write Eq.(77) as the proper time dilation in SSR, i.e, ζ4 = cτ = Θ1/2(ct), where
L = ct. So, for a very distant future with v → V or a strong anti-gravity φ → −c2 (Eq.(72)), we find that the
proper time in a “clock” put close to the De-Sitter horizon elapses much faster than the improper one for a local
observer. But when the proper time is slghtly faster than the improper one (ζ4 ≈ L or cτ ≈ ct), we recover the
special case of DS-metric given for weak anti-gravity related to a small cosmological constant.
We conclude that SSR gives a kinematics explanation for dS-relativity by means of an invariant minimum
speed connected to a ultra-referential SV , leading to a conformal metric with a varying negative curvature, being
able to encompass the DS-metric as a particular case just for weak anti-gravity (small cosmological constant).
VIII. CONCLUSIONS AND PROSPECTS
We have shown that SSR generates a set of spaces with non-zero (negative) and constant curvatures like
maximal spaces. We have found that the metric of such spaces (SSR-metric) is a solution of Einstein equation
without sources and cosmological constant. We have verified that the cosmological “constant” is in fact a
cosmological parameter that depends on the age of the universe (its radius), being connected to SSR conformal
factor Θ(v). Actually, we can realize that this scale factor that generates a deformation on Minkowski metric
leads to a new dispersion relation, which reminds Horava theory[21], however SSR takes into account a correction
on momentum for infrared regime, i.e., p2 ≈ p20Θ−1[5]. In sum, we have shown that SSR is a conformally flat
theory such as is de Sitter relativity[24], so that SSR-metric is a solution of Einstein equation without matter
and with cosmological constant. Therefore SSR introduces the cosmological constant in the Einstein equation
as occurs in dS-relativity. However, it should be stressed that SSR is not based on a stereographic projection
of a fourth component of space, but essentially on the existence of a universal minimum speed associated with
a thermodynamic background scalar field.
Our perspectives are to search for the development of scalar field models where we associate SSR with the
cosmic inflation, including the description of cosmic voids phenomena. In the future, we will intend to develop
the thermodynamics associated with SSR with the aim of studying ideal gas models as raw material for the
astrophysical environment.
We already know that the superfluid generated by SSR is associated with the cosmological constant[5]. In
the future, such a relationship may allow us to address problems associated with gravitational collapse. The
study of the symmetries of SSR must also be done soon with the calculation of the symmetries and their
association with a new kind of electromagnetism when we have v → V , which could explain the problem of
high magnetic fields in magnetars[20], super-fluids in the interior of gravastars and other kinds of black hole
mimickers (quantum black holes).
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